Rules for integrands involving logarithms

1- /
1. Jl‘Log[ FIx]1 F'[x] dx
Fx]

1:JﬂogH—F[ﬂ]FTx]dx
Fx]

__ Polylog[1,x] __ _ Log[l-x]
X X

Basis: OxPolylLog([2, Xx]

Rule:

Log[1-F F
J‘ osl [x]7 ' [x] dx — -Polylog[2, F[x]]

F[x]

Program code:

Int[u_xLog[v_],x_Symbol] :=
With[{w=DerivativeDivides[v,ux (1-v),x]},
wxPolylog[2,1-v] /;

Not [FalseQ[w]] ]



Rules for integrands involving logarithms

Log[1-F[x]]F [x] . . .
2: j(a +bLoglu]) dx when uis free of inverse functions
F[x]

Derivation: Integration by parts
Basis: Lo8L=XL - —5, Polylog[2, X]

Rule: If uis free of inverse functions, then
Log[1l-F[x]] F [Xx]

PolyLog[2, F[x]] 6xu
dx

J(a+bLog[u]) dx — -(a+blog[u]) PolyLog[2, F[x]] +bj

F[x] u

Program code:

Int[(a_.+b_.xLog[u_])*Log[Vv_]*wW_,x_Symbol] :=
With[{z=DerivativeDivides [v,wx (1-v),x]},
zx (a+bxLog[u]) *PolylLog[2,1-v] -
bxInt[SimplifyIntegrand [z+PolyLog[2,1-Vv]*D[u,x]/u,x],x] /;
Not[FalseQ[z]]] /;
FreeQ[{a,b},x] && InverseFunctionFreeQ[u,Xx]



Rules for integrands involving logarithms

2. fu (a+blLog[cLog[dx"]?]) dx

1: JLog[c Log[dx"]"] dx

Derivation: Integration by parts

Basis: Ox Log [c Log[d x"]P] = [ hB

Rule:

JLog[c Log[dx"]?] dx — xLog[cLog[dx"]"] - an‘; dx
Log[dx"]

Program code:

Int[Log[c_.xLog[d_.*x_“n_.]”p_.],Xx_Symbol] :=
xxLog[cxLog[d*x*n]~p] - nxpxInt[1/Log[d*x*n],x] /;
FreeQ[{c,d,n,p},x]



Rules for integrands involving logarithms

2. J(ex)'" (a+blLog[cLog[dx"]?]) dx

. J-a +bLog[cLog[dx"]"] i
Derivation: Integration by parts

tee 1 L dx"
Basis: & == Ox Log[dx7]

n

Basis: 9x (a + b Log[c Log[dx"]P]) = ﬁgx—n]

Rule:

J-a+bLog[c Log[dx"]"] ix Log[dx"] (a+bLog[cLog[dx"]"]) —prEdlx B Log[dx"] (a+bLog[cLog[dx"]"]) bpLog[x]
X

X n n

Program code:

Int[(a_.+b_.xLog[c_.xLog[d_.*x_“n_.]17"p_.]1)/x_,x_Symbol] :=
Log[d*x"n] * (a+bxLog[cxLog[d*x*n]”p])/n - bxpxLog[x] /;
FreeQ[{a,b,c,d,n,p},x]



Rules for integrands involving logarithms

2: J-(ex)m (a+blLog[cLog[dx"]?]) dx when m # -1

Derivation: Integration by parts

Basis: 9x (a + bLog[c Log[dXx"]P]) = ﬁgx—n]

Rule: If m + -1, then

(e x)™? (a+bLog[cLog[dx"]"]) ban- (ex)™ 4
- X

(ex)™ (a+bLog[cLog[dx"]P]) dx
[ex (a+brog[cLog[ax]?]) ax — Ton we1 ) og[arn]

Program code:

Int[(e_.*x_)"m_.x(a_.+b_.xLog[c_.xLog[d_.*x_“n_.]1”"p_.]),x_Symbol] :=
(exx)~(m+1) * (a+bxLog[cxLog[d*x*n]”p]) / (e*x (m+1l)) - bxnxp/ (m+1) *Int[ (exx)” m/Log[d*x"n],x] /;
FreeQ[{a:b:c:d:e:m:an})x] && NeQ[m,—l]



Rules for integrands involving logarithms

3. fu (a+bLog[cRF,])"dx when nez*

1: J(a+bLog[c RF,?])" dx when nez*

Derivation: Integration by parts

Basis: o, (a+bLog[cRF,])" == 212 (a+bL°gLCFfo"” — ORPy

Rule: If n € z*, then

x (a+blLog|c RFXP])"'1 9, RFy

j(a+bLog[cRFxp])"dx — X (a+bLog[cRFxp])"—bnpj dx
RF,

Program code:

Int[(a_.+b_.xLog[c_.*RFx_"p_.])”"n_.,x_Symbol] :=

X* (a+bxLog[c*RFx"p])”*n -

bxnxpxInt [Simpli-FyIntegrand [x* (a+bxLog [c*RFx"p] )~ (n-1) *D [RFX,x] /RFx,Xx] ,x] /5
FreeQ[{a,b,c,p},x] && RationalFunctionQ[RFx,x] && IGtQ[n,0]

2. j(d+ex)'" (a+blog[cRF,P])"dx whennez*A (n=1V mez)

dx when nez* 2?2 ?? n>1?

. J(a+bLog[c RF,P])"

d+ex

Derivation: Integration by parts

Basis: —1— - g, Loaldrex]
d+e x X e

Basis: a, (a+ b Log[c RF,])" = brelebloglein]) o,

Rule: If n € z7, then



Rules for integrands involving logarithms

(a+bLog[cRFC])" Log[d+ex] (a+bLog[cRF])" bnp Logld+ex] (a+bLlog[c RFXP])"'1 8, RFy
J dx — - J dx

d+ex e e RFy

Program code:

Int[(a_.+b_.xLog[c_.*RFx_"p_.1)"n_./(d_.+e_.*Xx_),x_Symbol] :=
Log[d+exx] = (a+bxLog[c*RFx*p])~n/e -
bxnxp/exInt[Log[d+exx]* (a+bxLog[c*RFx*p])~ (n-1) *xD[RFx,x] /RFx,x] /;
FreeQ[{a,b,c,d,e,p},x] &% RationalFunctionQ[RFx,x] && IGtQ[n,0]

2: J(d+ex)"‘(a+bLog[cRFx"])"d1x whennezZ*A (n=1Vvmez) Am#-1

Derivation: Integration by parts

Basis: (d+ex)" = o {42

Basis: 3y (a +blog[c RFxp])n .. bnp (a+b LochFi{FxP]) —” OxRFyx

Rule:lf nez*"A (n=1VvmeZ) Am+ -1 then

d 1 (a+bLog[cRFP])" d "1 (a+bLog[cRF,P])"™ oRF
f(d+ex)"'(a+bLog[cRFXP])"d1x—> (d+ex)™ (a+blog[cRF’]) __bnp J‘( +ex)™* (a+blog[cRF."])™" oxRFx

e (m+1) e (m+1) RFx

Program code:

Int[(d_.+e_.*x_)"m_.%(a_.+b_.xLog[c_.*RFx_"p_.])”n_.,x_Symbol] :=

(d+exx)~ (m+1) * (a+bxLog[c*RFx"p])~*n/ (ex (m+1)) -

bxn«p/ (ex (m+1)) +Int [SimplifyIntegrand[ (d+ex)” (m+1) « (a+bxLog[c*RFx"p])~ (n-1) xD[RFx,x] /RFX,x],x] /;
FreeQ[{a,b,c,d,e,m,p},x] && RationalFunctionQ[RFx,x] && IGtQ[n,0] && (EqQ[n,1] || IntegerQ[m]) && NeQ[m,-1]

dx



Rules for integrands involving logarithms

Log | c RF,"
3 jde

d+ex?

Derivation: Integration by parts

Rule: Letu- [—21-ax, then
Log[c RF,"] U OxRFy
J— dx — ulog[cRF,"] —nj dx
d+ex? RFy
Program code:
Int[Log[c_.*RFx_"n_.]/(d_+e_.%x_"2),x_Symbol] :=
With[{u=IntHide[1/ (d+exx"2),x]},
uxLog[c*RFx*n] - nxInt[SimplifyIntegrand [usD[RFx,x]/RFx,x],x]] /;
FreeQ[{c,d,e,n},x] & RationalFunctionQ[RFx,x] && Not[PolynomialQ[RFx,Xx] ]
Log[c Px"] .
4: J— dx when QuadraticQ[Qx] A 8y a‘ ==
Qx g
Derivation: Integration by parts
Rule: If QuadraticQ[Qx] A Oy %‘ == 0, letu- & ax, then
N }
Log[c Py"] ] u 8, P,
J‘Q—dlx—>uLog[cPX]—nJ‘ 0 dx

Program code:

Int[Log[c_.*Px_“~n_.]1/Qx_,x_Symbol] :=

With[{u=IntHide[1/Qx,x]},

uxLog[c*Pxn] - n+Int[SimplifyIntegrand[u+D[Px,x]/Px,x1,x]|] /;
FreeQ[{c,n},x] && QuadraticQ[ {Qx,Px},x] && EqQ[D[Px/Qx,x],0]



Rules for integrands involving logarithms

5: J‘RGX (a+bLog[cRF,])"dx when nez*

Derivation: Algebraic expansion

Rule: If n € Z*, then

JRGX (a+blLog[cRFP])"dx — J(a +bLog[cRF,”])" ExpandIntegrand [RG,, X] dx

Program code:

Int[RGx_=* (a_.+b_.xLog[c_.*RFx_"p_.])”n_.,x_Symbol] :=
With[ {u=ExpandIntegrand[ (a+bxLog[c*RFx"p])~n,RGx,X]},
Int[u,x] /;
sumQ[ul] /;
FreeQ[{a,b,c,p},x] && RationalFunctionQ[RFx,x] && RationalFunctionQ[RGx,x] && IGtQ[n,0]

Int[RGx_=*(a_.+b_.xLog[c_.*RFx_"p_.])”n_.,x_Symbol] :=
With[ {u=ExpandIntegrand [RGx* (a+bxLog[c*RFx"p])~n,x]},
Int[u,x] /;
sumQ[ul] /;
FreeQ[{a,b,c,p},x] && RationalFunctionQ[RFx,x] && RationalFunctionQ[RGx,x] && IGtQ[n,0]



Rules for integrands involving logarithms

4: JRFX (a+bLog[F[(c+dx)*", x]]) dx when nez

Derivation: Integration by substitution
Basis: If nez,then F [ (c+d x)?/", x| = L Subst X" F|[x, - <+ %], x, (c+dx)¥"] o, (c+dx)?/"

Rule: If n € Z, then

n n
jRFX (a+bLog[F[(c+dx)*", x]]) dx — ESubst[J.x"‘lSubst[RFXJ X, sy X—] {a+bF[x, L, X—]J dx, X, (c+dx)1/“]
d d d d d

Program code:

Int[RFx_=(a_.+b_.xLog[u_]),x_Symbol] :=
With[{1st=SubstForFractionalPowerOfLinear [RFxx (a+bxLog[u]),x]},
1st[[2]]*1st[[4]]*Subst[Int[lst[[1]],X],X,1st[[3]1]~(1/1st[[2]11)] /3
Not[FalseQ[1lst]]] /;

FreeQ[{a,b},x] && RationalFunctionQ[RFx,Xx]
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Rules for integrands involving logarithms

5. >I-('F+gx)"'Log[d+e (FC (a+bx))n] dx

1: J(-F+gx)'"Log[1+e (F€ @) "] ax when m > @

Derivation: Integration by parts

PolyLog[z’,e (Fe (@b >n}
bcn Log[F]

Basis: Log[1 +e (FC(20X))"] = _5,

Rule: If m > 0, then

('F + gx)’“ PolyLog[Z} -e (Fc (a+bx))n]

gm

f mL 1 Fc(a+bx) n d -
[(Frex)Logfare ( )l ax — bcn Log[F]

Program code:

Int[(f_.+g_.#*x_) m_.+Log[l+e_.x (F_"(C_.*(a_.+b_.*x_)))"n_.],x_Symbol] :=

- (F+g#x) "mxPolyLog[2,-ex (F~ (C* (a+b*X)) )~ n]/ (bxcxnxLog[F]) +

g#m/ (bxcxnxLog[F]) +Int [ (f+g»x)~ (m-1) xPolyLog[2,-ex (F~ (c* (a+b*x)))~nl,x] /;
FreeQ[{F,a,b,c,e,f,g,n},x] && GtQ[m,0]

bcnlLog[F]

J(f+gx)m-1 polyLog[z’ —e (FC (a+bx))n] dx

11



Rules for integrands involving logarithms

2: J(-F+gx)mLog[d+e (Fc (a+bx))n] dx whenm>0 A d#1

Derivation: Integration by parts
Basis: O, Log[d + e g[x] ] = OxLog|1+ ¢ g[x] ]

Rule:lf m> 0 A d # 1,then

(F+ gx)'"+1 Log[d +e (Fc(+2x))"] (f+ gx)m+1 Log[1+ 2

£ mL d Fc(a+bx) n d - E
J( +gx)"Log[d+e ( )" ax — P P

Program code:

Int[(f_.+g_.#x_)m_.xLog[d_+e_.x (F_"(c_.x(a_.+b_.*x_)))"n_.],x_Symbol] :=
(F+g*x) " (m+1) xLog[d+ex (F~ (Cx (a+bxX)) ) n]/ (g+ (m+1)) -
(Frg#x)~ (m+1) xLog[1+e/dx (F~ (Cx (a+b*X)))” n]/ (g+ (m+1)) +

Int [ (f+g*x)~ mxLog[l+e/d* (F*(c* (a+bxx))) nl,x] /;
FreeQ[{F,a,b,c,d,e,f,g,n},x] && GtQ[m,0] && NeQ[d,1]

6. juLog[d+ex+f\/a+bx+cx2]dlx when e2 - cf2:=: 0
1: JLog[d+ex+f\/a+bx+cx2]dx when e2-cf?==0

Derivation: Integration by parts and algebraic simplification

+J('F+gx)'“Log[1+ % (Fc (a+bx))n] dx

2 2 (p2_-
Rule: If e2 -C .FZ -0 , then bf+2cfx+2e arbx+cx o 2 (b>-4ac)
f (a+bx+cx?) + (d+e x) \ a+b x+c x? (2de-bf?) (a+bx+cx?)-f (bd-2ae+(2cd-be) x) \ a+bx+c x?

Rule: If e? - ¢ f2 == 9, then

x(bf+2cfx+2eVa+bx+cx2)

1
jLog[d+ex+f\/a+bx+cx2]dx — xLog[d+ex+f\/a+bx+cx2]—;J\
£

dx

a+rbx+cx?) + (d+ex) Va+bx+cx?



Rules for integrands involving logarithms

f2 (b*-4ac)
—>xLog[d+ex+-F'\/a+bx+cx2]+ d
2 (2de-bf?) (a+bx+cx?) -f (bd-2ae+ (2cd-be) x) Va+bx+cx?

X

Program code:

Int[Log[d_.+e_.*x_+f_.*Sqrt[a_.+b_.xx_+c_.#x_"2]],x_Symbol] :=

x*Log[d+exx+fxSqrt[a+bxx+cxx 2]] +

fA2% (b”"2-4xaxc) /2xInt [x/( (2*d*e—b*f"2) * (a+bxX+Cxx"2) -fx (bxd-2xaxe+ (2xcxd-bxe) xx) *Sqrt [a+b*xx+c*xx"2] ) ,x] /3
FreeQ[{a,b,c,d,e,f},x]| && EqQ[e"2-cxf~2,0]

Int[Log[d_.+e_.*x_+f_.xSqrt[a_.+c_.*x_"2]],x_Symbol] :=
xxLog[d+exx+fxSqrt[a+cxx~2]] -
axcxf 2xInt [x/ (dxex (a+cxx"2) +Fx (axe-cxdxx) xSqrt[a+c*x"2]),x] /;
FreeQ[{a,c,d,e,f},x]| && EqQ[e2-cxf~2,0]

X
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Rules for integrands involving logarithms

2: J(gx)'"Log[d+ex+f\/a+bx+cx2]dlx when e2 -cf2=20 A m#-1

Derivation: Integration by parts and algebraic simplification

RUleZ If e2 - C .FZ —= @ , then bf+2cfx+2e\ a+b x+cx? £ (b*-4ac)

f (a+bx+cx?) + (d+e x) \ a+b x+c x? (2de-b ) (a+bx+cx?)-f (bd-2ae+(2cd-be) x) \ a+bx+c x? '
Rule:If e2-cf2 =20 A m+ -1,then

J\(gx)’"Log[d+ex+f\/a+bx+cx2]d]x —

(gX)’""lLog[d+ex+f\/a+bx+cx2] £ (b2-4ac)

(g X) m+1
— +

d
g (m+1) 2g (m+1) J(Zde—bfz) (a+bx+cx?) -f(bd-2ae+ (2cd-be) x) Va+bx+cx?

dx

g (m+1) _2g(m+1)

(gx)'“*lLog[d+ex+f\/a+bx+cx2] 1 J*(gx)'“*l(b-F+2c-Fx+2e\/a+bx+cx2)
f(a+bx+cx?) + (d+ex) Va+bx+cx?

X

Program code:

Int[(g_.*x_)"m_.xLog[d_.+e_.«x_+f_.xSqrt[a_.+b_.xx_+c_.#x_"2]],x_Symbol] :=

(8%X) ~ (M+1) xLog [d+exx+fxSqrt [a+bxx+C*x"2] ]/(g* (m+1)) +

22 (b"2-4xaxc) / (2xg* (M+1)) *Int[ (g*x) " (m+1)/( (Z*d*e—b*'F"Z) * (a+bxX+Cc*¥x"2) —-f» (bxd-2xaxe+ (2xcxd-bxe) xx) *Sqrt [a+bxx+c*x"2] ) ,x] /;
FreeQ[{a,b,c,d,e,f,g,m},x| & EqQ[e~2-cxf"2,0] && NeQ[m,-1] && IntegerQ[2xm]

Int[(g_.*x_)"m_.xLog[d_.+e_.*x_+f_.xSqrt[a_.+c_.xx_"2]],x_Symbol] :=

(8%X) ~ (m+1) xLog [d+exx+FxSqrt [a+cxx"2] ]/(g* (m+1)) -

a*c*f"z/(g* (m+1) ) *Int [ (g*x) " (m+1)/(d*e* (a+CxXx"2) +fx (axe-cxdxXx) xSqrt[a+cxx"2] ) ,X] /3
FreeQ[{a,c,d,e,f,g,m},x] & EqQ[e~2-c+f"2,0] && NeQ[m,-1] & IntegerQ[2sm]

Int[v_.+Log[d_.+e_.xx_+f_.#Sqrt[u_]],x_Symbol] :=
Int[v«Log[d+exx+f»Sqrt[ExpandToSum[u,x]1],x] /;
FreeQ[{d,e,f},x] & QuadraticQ[u,x] && Not[QuadraticMatchQ[u,x]] && (EqQ[v,1] || MatchQ[v, (g_.*x)"m_. /; FreeQ[{g,m},x]])

L "" (ax"+bL "19)°
7.J«og[cx] (ax™+bLog[cx"]?) dx when r=q-1

X
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Rules for integrands involving logarithms

Log[cx"]"

1:J dx whenr=q-1
x (ax™+bLog[cx"]?)

Derivation: Algebraic expansion and reciprocal rule for integration

Basis: J%ﬁ% dx = Log[F[x] +G[x]]

Rule:If r == g - 1, then
Log[cx"]" 1 amx"+bngqLog[cx"]" am x"-1
j dx — J- dx - f dx
x (ax™+bLog[cx"]?) bng J x (ax"+bLog[cx"]?) bng Jax"+bLog[cx"]?
Log[ax"+bLlog[cx"]*] am xm-1
- dx
bnq bnC'IJ\ax'"‘+bLog[cx"]q

Program code:

Int[Log[c_.*x_"n_.]1"r_./(X_*(a_.*x_"m_.+b_.xLog[c_.*x_"n_.]”q_)),x_Symbol] :=
Log[axx*m+bxLog[c*x”n]~q]/ (bxnxq) - axm/ (bxnxq) *Int[x"(m-1)/ (a*x m+bxLog[c*x*n]”q),x] /;

FreeQ[{a,b,c,m,n,q,r},x] & EqQ[r,q-1]

L n]r " L.bL n]19\P
2:J-og[cx] (ax . og[cx] ) dx whenr=q-1 A pez*
X

Derivation: Algebraic expansion

Rule:If r==q-1 A p e Z*,then
Log[cx"]" (ax"+bLog[cx"])P

j dx —
X X

Program code:

Int[Log[c_.*x_"~n_.]"r_.*(a_.*x_"m_.+b_.xLog[c_.*Xx_"n_.]17q_)"p_./X_,X_Symbol]
Int [ExpandIntegrand[Log[cxXx*n]~r/x, (axx m+bxLog[cxx*n]~q) *p,Xx],x] /;
FreeQ[{a,b,c,m,n,p,q,r},x] & EqQ[r,q-1] && IGtQ[p,0]

Log[cx"]"
J— ExpandIntegrand[ (ax" +bLog[cx"]?)P, x] ax

15



Rules for integrands involving logarithms

L nlr "L.bL n]aq\P
3:Jog[cx] (ax . og[cx]) dx whenr=q-1 A p#-1

X

Derivation: Algebraic expansion and reciprocal rule for integration

+G[x]) P+t

Basis: [(F[x] +G[x])P (F'[x] +G [x]) dx = FX

Rule:lf r==q-1 A p # -1, then

p+1

J-Log[c x"]" (ax™+bLog[cx"]?)"

dx —
X
: j(am"“b"qLog[cx"]'”) (o Lol XY gy 2 jxm‘l (ax"+bLog[cx"]?)P dx
bngq X bngq

(ax"+bLog|c x"]q)p":L

am

—

bnq (p+1)

Program code:

bngq

-J-x““1 (ax"+bLog[cx"]?)"ax

Int[Log[c_.*Xx_"n_.]1"r_.x(a_.*x_"m_.+b_.xLog[c_.*x_“n_.]17q_)"p_./X_,Xx_Symbol] :=

(axx*m+bxLog[c*x”*n]~q) ~ (p+1) / (bxnxq* (p+1)) -
axm/ (bxnxq) *Int [x” (m-1) * (a*x*m+bxLog[c*x*n]*q) *p,x] /;
FreeQ[{a,b,c,m,n,p,q,r},x] & EqQ[r,q-1] && NeQ[p,-1]
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Rules for integrands involving logarithms

6. j(dx’“+eLog[cx"]r) (ax"+bLog[cx"]?)? dx when r = q - 1

X

dx"+elog[cx"]|"
1.J dx whenr=q-1
X

(ax™+bLog[cx"]?)

dx"+elog[cx"]"
1:J dx whenr=q-1A aem-bdnq=-0
X

(ax™+bLog[cx"]?)

Derivation: Reciprocal rule for integration
Basis: J%ﬁ%%ﬁ dx = Log[F[x] +G[X]]

Rule:lf r==q-1 A aem-bdngq-=90,then

dx"+elog[cx"]|" elog[ax"+blLog[cx"]?]
f dx —
x (ax™+blLog[cx"]?) bngq

Program code:

Int[(d_.*x_"m_.+e_.xLog[c_.*x_"~n_.]17r_.)/ (X_x(a_.*x_"m_.+b_.xLog[c_.*x_"n_.]17q_)),x_Symbol] :=
exLog[axx*m+bxLog[cx*x*n]~q]/ (bxnxq) /;
FreeQ[{a,b,c,d,e,m,n,q,r},x] & EqQ[r,q-1] && EqQ[axexm-bxdxnxq,0]

Int[ (u_+d_.*x_"m_.+e_.xLog[c_.*x_"n_.]"r_.)/ (X_=*(a_.*x_"m_.+b_.xLog[c_.*x_"n_.]17q_)),x_Symbol] :=
exLog[axx*m+bxLog[c*x*n]~q]/ (bx*nxq) + Int[u/ (X* (a*xx"m+bxLog[c*x*n]”*q)),x] /;
FreeQ[{a,b,c,d,e,m,n,q,r},x] & EqQ[r,q-1] && EqQ[axexm-bxdxnxq,0]



Rules for integrands involving logarithms

dx"+elog[cx"]"
Z:J dx whenr=q-1Aaem-bdnq#0
X

(ax™+bLog[cx"]?)

Derivation: Algebraic expansion and reciprocal rule for integration

Basis: J%%%%%L dx = Log[F[x] +G[x]]

Rule:lf r==q-1 A aem-bdnq # 0, then

dx"+elog[cx"]" e amx"+bngqlog[cx"]" (aem-bdnq) xm-1
j dx — J. dx - J dx
x (ax™+bLog[cx"]?) bng J x (ax™+bLog[cx"]?) bnq ax"+bLlog[cx"]?
elog[ax"+blog[cx"]*] (aem-bdnq) xm-1
— - J dx
bnqg bng ax"+blog[cx"]?

Program code:

Int[(d_.*x_"m_.+e_.xLog[c_.*x_"n_.]17r_.)/ (X_*(a_.*x_"m_.+b_.xLog[c_.*x_"n_.]1”q_)) ,x_Symbol] :=
exLog[a*x"m+bxLog[cxx*n]~q]/ (b*n*xq) -
(axexm-bxdxnxq) / (bxnxq) *Int [x" (m-1) / (a*x”m+bxLog[c*x*n]"q) ,x] /;

FreeQ[{a,b,c,d,e,m,n,q,r},x] && EqQ[r,q-1] && NeQ[axexm-bxdxnxq,0]

) J-(dxm+eLog[cx"]r) (ax™+bLog[cx"]?)P

X

dx whenr=q-1A p#-1

dx" L nr "LbL n19\P
1: J‘( X"+ e og[cx] ) (aX + og[cx] ) dx when r=q-1Ap#-1Aaem-bdng=o

X

Derivation: Algebraic expansion and reciprocal rule for integration

Basis: J(F[x] +G[X])P (F [X] +G [x]) dX == <wa;cﬂxm+1

Rule:lf r==q-1Ap+-1ANaem-bdnq-=0,then
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dx —

(4x° +eLog[cx']") (ax"+blog[cx])” e (ax"+bLog[cx"]?)"
J X bnq (p+1)

Program code:

Int[(d_.*x_"m_.+e_.xLog[c_.*x_"n_.]17r_.)*(a_.*x_"m_.+b_.xLog[c_.*x_"n_.]1"q_)"p_./x_,x_Symbol] :=
ex (axx*m+bxLog[c*x*n]~q) ~ (p+1) / (bxnxq* (p+1)) /;
FreeQ[{a,b,c,d,e,m,n,p,q,r},x] & EqQ[r,q-1] && NeQ[p,-1] &_& EqQ[axexm-bxdxnxq,0]

). j(dx"‘+eLog[cx"]") (ax™+bLog[cx"]?)?

X

dx whenr=q-1Ap#-1Aaem-bdnq#0

Derivation: Algebraic expansion and reciprocal rule for integration

Basis: J(F[x] FG[X])P (F[X] + G [x]) dx = <Fm;ﬂxmp+1

Rule:lf r==gq-1 Ap+-1Aaem-bdngq#+ 9,then

dx —

J-(dx'"+eLog[cx"]r) (ax"+bLog[cx"]?)?

: J(amx“bnql-og[cx"]") (o2 +b108[X])” gy L2em-bdna) JX““I (ax"+bLog[cx"]?)" ax

bnq X bnq
mLblL n]4)\p+l _
. e (ax"+bLog[cx"]9) _(aem-bdnq) J‘Xm_l (ax" + b Log[c x"]%)P ax
bng (p+1) bng

Program code:

Int[(d_.*x_"m_.+e_.xLog[c_.*x_“~n_.]17r_.)*(a_.*x_"m_.+b_.xLog[c_.*x_"n_.]17q_)"p_./X_,x_Symbol] :=
ex (axx*m+bxLog[cxx*n]~q) ~ (p+1) / (bxnxqx (p+1)) -
(axexm-bxdxnxq) / (bxn*q) *Int [x" (M-1) » (a*xX"m+bxLog[c*x*n]"q) *p,x] /;

FreeQ[ {a,b,c,d,e,m,n,p,q,r},x] &% EqQ[r,q-1] && NeQ[p,-1] && NeQ[axexm-bxdxnxq,0]
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Rules for integrands involving logarithms

dx"+ex"Log[cx"] + fLog[cx"]*
Q:J dx whenen+dm==0 A af+bd (q-1) ==

X (ax’"+bLog[cx"]q)2

Rule:lf en+dm=0 A af+bd (q-1) = 0,then

dem+exm Log[cx"] + fLog[cx"]? dLog[cx"]

dx —
x(ax’"+bLog[cx“]q)2 an (ax"+blog[cx"]?)

Program code:

Int [ (d_.*x_"m_.+e_.*x_"m_.*Log[c_.*x_"n_. ]+f_.xLog[c_.*x_"n_.]"q_. )/(x_* (a_.*x_"m_.+b_.xLog[c_.*x_"n_.]1"q_)"2) ,x_Symbol] &=
dxLog[c*x”n]/ (axnx (a*x" m+bxLog[c*x*n]”q)) /;
FreeQ[{a,b,c,d,e,f,m,n,q},x| && EqQ[exn+d«m,0] & EqQ[axf+bxdx(q-1),0]

d+elog[cx"]
10:j dx whend+enq=-9
(ax+bLog[cx"]q)2

Derivation: Algebraic expansion

Rule:If d + e nq == 0, then

d+eLog[cx“] 1 aenx—aexLog[cx“]+b(d+en) Log[cx“]q d+en 1
j dx — ——J dx + J
(ax+bLog[cx“]q)2 a x(ax+bLog[cx“]q)2 a x (ax+bLog[cx"]9)
eLog[cx"] d+en 1
— - + J dx
a(ax+bLlog[cx"]9) a x (ax+bLog[cx"]?)

Program code:

Int[(d_+e_.xLog[c_.*x_"n_.])/(a_.*x_+b_.xLog[c_.*x_“n_.]1"7q_)"2,x_Symbol] :=
-exLog[cxx”n]/ (a* (axx+bxLog[cxx*n]~q)) + (d+exn)/axInt[1/ (x*(a*x+bxLog[c*x*n]"q)),x] /;
FreeQ[ {a,b,c,d,e,n,q},x] & & EqQ[d+exnxq,0]
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Rules for integrands involving logarithms

11. |vLog[u] dx when uis free of inverse functions

1: JLog [u] dx when u is free of inverse functions

Reference: A&S 4.1.53
Derivation: Integration by parts

Rule: If InverseFunctionFreeQ[u, x],then

JLog[u] dx — xLog[u] —f

Program code:

Int[Log[u_],x_Symbol] :=
xxLog[u] - Int[SimplifyIntegrand[xD[u,x]/u,x]1,x] /;
InverseFunctionFreeQ[u,X]

Int[Log[u_],x_Symbol] :=
xxLog[u] - Int[SimplifyIntegrand|[x+Simplify[D[u,x]/ul,x],x] /;
ProductQ[u]

X Oy U

u

dx
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Rules for integrands involving logarithms

2. J(a +bx)"Log[u] dx when u is free of inverse functions

Log[u
1: J glul dx when RationalFunctionQ[%ﬁ, x]
a+bx

Reference: G&R 2.727.2

Derivation: Integration by parts

Basis; -1 .- o, Loglasbxl

a+bx b

Rule: If RationalFunctionQ[Qjﬂ, x},then

dx

a+bx b b

J~Log[u] Log[a+bx] Log[u] 1 J*Log[a+bx] Oxu
— - - dx
u

Program code:

Int[Log[u_]/(a_.+b_.%*x_),x_Symbol] :=
Log[a+bxx] xLog[u] /b -
1/b+Int[SimplifyIntegrand[Log[a+bxx]D[u,x]/u,x]1,x] /;
FreeQ[{a,b},x] && RationalFunctionQ[D[u,x]/u,x] & (NeQ[a,@0] || Not[BinomialQ[u,x] && EqQ[BinomialDegree[u,x]~2,1]])

2: J(a +bx)™Log[u] dx when InverseFunctionFreeQ[u, x] A m# -1

Reference: G&R 2.725.1, A&S 4.1.54
Derivation: Integration by parts
Basis: (a+bx)" = g, 20"

b (m+1)

Rule: If InverseFunctionFreeQ[u, x] A m# -1,then
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Rules for integrands involving logarithms

(a+bx)™*!Log[u] 1 (a+bx)™!au
- f dx

j(a +bx)"Log[u] dx —
b (m+1) b (m+1)

u

Program code:

Int[(a_.+b_.*x_)”m_.xLog[u_],x_Symbol] :=
(a+bxx)~ (m+1) xLog[u] / (bx (m+1)) -
1/ (bx (m+1) ) »Int[SimplifyIntegrand[ (a+b+x)~ (m+1) D [u,x]/u,x]1,x] /;
FreeQ[{a,b,m},x] & & InverseFunctionFreeQ[u,x] && NeQ[m,-1] (» && Not[FunctionO-FQ[x"(m+1),u,x]] && FalseQ[PowerVar‘iableExpn[u,m+1,x]] *)

Log[u
3: j gu] dx when QuadraticQ[Q4x] A InverseFunctionFreeQ[u, Xx]

Qx

Derivation: Integration by parts

Rule: If QuadraticQ[Qx] A InverseFunctionFreeQ[u, x],letv = le dx, then

Log[u] V Oy U
j dx — vlog[u] —J— dx
Qx u

Program code:

Int[Log[u_]/Qx_,x_Symbol] :=

With[{v=IntHide[1/Qx,x]},

vxLog[u] - Int[SimplifyIntegrand[vD[u,x]/u,x],x]] /;
QuadraticQ[Qx,x] && InverseFunctionFreeQ[u,Xx]
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Rules for integrands involving logarithms

4: Juax Log[u] dx when u is free of inverse functions
H ax
Basis:u?* Log[u] == Qx;_ _xud*la,u

Rule: If InverseFunctionFreeQ[u, X],then

uax

Ju“Log[u] dx — —-J.xu;’”“1 d,u dx

a

Program code:

Int[u_”(a_.*x_)*Log[u_],x_Symbol] :=
u”(a*x) /a - Int[SimplifyIntegrand [x*u”(axx-1)=+D[u,x],x],x] /;
FreeQ[a,x] && InverseFunctionFreeQ[u,X]

5: |vLog[u] dx when uand J-v dx are free of inverse functions

Derivation: Integration by parts

Rule: If InverseFunctionFreeQu, x],letw = jv dx,if InverseFunctionFreeQ[w, x],then

W O, u

dx

1
JV Log[u] dXx — wlLog[u] - ;J

u

Program code:

Int[v_xLog[u_],x_Symbol] :=

With[{w=IntHide[v,x]},

Dist[Log[u],w,x] - Int[SimplifyIntegrand[wxD[u,x]/u,x],x] /;
InverseFunctionFreeQ[w,x]] /;
InverseFunctionFreeQ[u,Xx]
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Int[v_=xLog[u_],x_Symbol] :=
With[{w=IntHide[v,x]},
Dist[Log[u],w,x] - Int[SimplifyIntegrand[wxSimplify[D[u,x]/u],x],x] /;
InverseFunctionFreeQ[w,x]] /5
ProductQ[u]

12. ju Log[v] Log[w] dx when v, wand J.u dx are free of inverse functions

1: JLog [v] Log[w] dx when vandw are free of inverse functions

Derivation: Integration by parts

Rule: If vand w are free of inverse functions, then

JLog[v] Log[w] dx — Xx Log[Vv] Log[w] —J
\'%

Program code:

Int[Log[v_]*Log[w_],x_Symbol] :=
x*xLog[Vv] xLog [w] -
Int[simplifyIntegrand[x*Log[w]+D[Vv,x]/V,x],x] -
Int[SimplifyIntegrand [xxLog[v]D[w,x]/w,x],x] /;
InverseFunctionFreeQ[v,x] && InverseFunctionFreeQ[w,X]

X Log[w] OxV g

-

X Log[Vv] Oxw
glv] O« dx

W
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Rules for integrands involving logarithms

2: Ju Log[v] Log[w] dx when v, wand Ju dx are free of inverse functions

Derivation: Integration by parts

Rule: If v and w are free of inverse functions, let z == Ju dx, if z is free of inverse functions, then

zZ Log[w] OxV zLog[Vv] Oxw
Ju Log[v] Log[w] dX — z Log[Vv] Log[w] —j dx —J dx

v w

Program code:

Int[u_xLog[v_]=*Log[w_],x_Symbol] :=
With[{z=IntHide[u,x]},
Dist[Log[Vv]*xLog[w],z,x] -
Int[simplifyIntegrand[z«Log[w]+D[Vv,x]/V,x],x] -
Int[SimplifyIntegrand[z«Log[Vv]+D[w,x]/w,x],x]| /;
InverseFunctionFreeQ[z,x]] /;
InverseFunctionFreeQ[v,x] && InverseFunctionFreeQ[w,x]
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Rules for integrands involving logarithms 27

13: J‘fa“’ﬂ"l dx
Derivation: Algebraic simplification
Basis: f2Lo8(8] - galog(f]

Rule:

jfa Log[u] dx —s jua Log[f] dx

Program code:




Rules for integrands involving logarithms

dx
X

" J-F[Log[a x"]]

Derivation: Integration by substitution

Basis: Fltealaxtll - L Frlog[ax"]] OLog[a x"]
) Rule:
J‘M dx — %Subst[jF[x] dx, x, Log[a x"]]

Program code:

(» If[TrueQ[$LoadShowSteps],

Int[u_/x_,x_Symbol] :=
With[{lst=FunctionOfLog[u,x]},
ShowStep["","Int[F[Log[a*x*n]]/X,x]","Subst [Int[F[x],x],x,Log[a*x*n]]/n",Hold[
1/1st[[3]]*Subst[Int[1st[[1]],X],X,Log[1st[[2]]1]]1]1] /;

Not[FalseQ[1lst]]] /;

SimplifyFlag && NonsumQ[u],

Int[u_/x_,x_Symbol] :=
With[{lst=FunctionOfLog[u,x]},
1/1st[[3]]*Subst[Int[1st[[1]],X],X,Log[1lst[[2]1]1] /3
Not[FalseQ[lst]]] /;
NonsumQ[u]] =)

28



Rules for integrands involving logarithms 29

If[TrueQ[$LoadShowSteps],

Int[u_,x_Symbol] :=
With[{lst=FunctionOfLog[Cancel[xxu],x]},
ShowStep["","Int[F[Log[a*x*n]]/X,x]","Subst [Int[F[x],x],X,Log[a*x*n]]/n",Hold[
1/1st[[3]]*Subst[Int[1st[[1]],X],X,Log[1st[[2]11]111]1 /3

Not[FalseQ[1lst]]] /;

SimplifyFlag && NonsumQ[u],

Int[u_,x_Symbol] :=
With[{lst=FunctionOfLog[Cancel[xxu],x]},
1/1st[[3]]*Subst[Int[1st[[1]],x],Xx,Log[1st[[2]]1]] /;

Not[FalseQ[1lst]]] /;
Nonsqu[u]]

15:~fuLog[Gamma[v]]dx

Derivation: Piecewise constant extraction
Basis: Oy (Log[Gamma[F[x]]] - LogGamma [F[x]]) ==

Rule:

Ju Log[Gamma[v]] dx — (Log[Gamma[v]] - LogGamma[V]) ju dx + ju LogGamma [v] dx

Program code:

Int[u_.xLog[Gamma[v_]],x_Symbol] :=
(Log[Gamma[v] ] -LogGamma[v]) *Int[u,x] + Int[uxLogGamma[v],X]
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N: Ju (ax"+bx"Log[cx"]?)Pdx when pez

Derivation: Algebraic normalization

Rule: If p € Z, then

Jutaxroxriog[ext])?ax — fuxt" (ax" +bLog[cx])” ax

Program code:

Int[u_.*(a_.*x_"m_.+b_.*x_"r_.xLog[c_.*x_"n_.]"q_.)" p_.,x_Symbol] :=
Int [uxx” (p*r) * (a*xx” (m-r) +bxLog [c*x*n]~q) ~p,X] /;
FreeQ[{a,b,c,m,n,p,q,r},x] & IntegerQ[p]
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